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Chapter- 7
Integrals

Introduction:-

If a function ‘' is differentiable in an interval |, i.e its derivative f' exists at each point of I. Then
functions that could have possibly given function as a derivative are called anti-derivative of the
function. Further, the formula that gives all these anti-derivatives is called the indefinite
integral of the function and such process of finding anti-derivatives is called integration. The
two forms of integral are indefinite and definite integral which together constitute integral

calculus.

Integration as an inverse process of differentiation:-

Let F(x)andf (x) be two functions connected such that %F(X)zf(x), then F(X) is called

integral f(X) or indefinite integral of anti-derivatives.

If %F(x):f(x) then for any constant ‘C’ dd—X[F(X)+C]=f(X)- Thus F(x)+C is an anti-

derivatives of f(X).
i.e J.f (x)dx =F(x)+C

Where C is an arbitrary constant known as the constant of integration

The process of finding the integral of a function is called integration.

Here | is the integral sign, f(X) is the integrand, x is the variable of integration.
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Fundamental integration formulae:-

n+1

+C,n=x-1

X
x"dx =
(@) -[ n+1

(c) J'%dx:log|x|+c

(e) Icosxdx =sinx+C

(g) Icoseczx dx =—cotx+C

(i) Icosecx.cotxdx =—cosecx+C
(k) Iexdx =e*+C

dx =tan ' x+C or—cot*x +C

(m) [—

1+ x>
(o) Ide = constant

Example:-

Evaluate the following integrals

5+1
X+

(a) [x%dx = X’
5+1

+C=—+C
6

(b) I%dx = Ix;dx = Xl

(b) .[dx=x+c

(d) .[sinxdx=—cosx+C

(f) J'secz xdx =tanx +C
(h) .[secx.tanxdx=secx+c

a.X

(j) ja"dx= +C,a>0,a=1
loga

dx=sin"x+C or —cos*x+C

1
O] AT

dx =sec*x+C or —cosecx+C

1
R e

X

5
5%dx =
(C)I X log5

+C
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| N -

4
2 d e3Inxd _ eInx3d _ Sd =X_ C
+Cc= \E+c ( )j X I X jx X 2 +

Algebra of indefinite integral:-

(a) The process of differentiation and integration are inverse of each other.

e—jf X)dx = (x)and [f*(x)dx =f (x)+C

(b) [(F(x)£g(x))dx = [f(x)dx+[g(x)
(c).[Kf dx KIf dx K is any constant

Note:- If more than one constant of integration is used while solving the integral, then at the

end of the solution write only one constant of integration.

Example:- Evaluate the integrals

(a) J'(sinx+cosx)dx :Isin xdx+Icosxdx

=—COSX+C,; +SINX+C, =—COSX+SINX+C

(b) J'(x+1)dx:_|'xdx+.|‘1dx:x—22+x+c

()I dX IXdX J-X_ZdX—?z—)i—:+C:X—22+§+C
(d) I(ex"’ga+ea'°gX +ea'°9a)dx :Iaxdx+jxadx+faadx = I;;a+aj11+aax+c

1 1-sinx
e dx = dx
( )I1+sinx -[ cos’® X
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=I(sec2x—secx.tanx)dx =tanx—-secx+C

Integration by the method of inspection:-

We can find an anti-derivative of a given function by searching intuitively a function whose

derivative is the given function.

Example:- Write an anti-derivative of 3x* +4x° by the method of inspection.

d )
Solution:- d_(X3 + x“) =3x2+4x> . An anti-derivative of 3x? +4x%isx®+x* or xX*+x*+C
X

Integration by substitution:- In the previous topic, we discussed the integrates of those
functions which are in standard forms. But integrals of certain functions cannot be obtained
directly but they may be reduced to standard forms by proper substitution. The method of
evaluating an integral by reducing it to standard form by a proper substitution is called

integration by substitution.

Method of substitution:-

To evaluate an integral of the type jf (6(x))9'(x)dx, we substitute ¢(x)=tand¢'(x)dx =dt

The above integral is '[f (t)dt

After evaluating this integral we substitute back the value of t.

Note:- It is often important to guess what will be a useful substitution. Usually, we make a

substitution for a function whose derivative also occurs in the integral.

Theorem:- Prove that

(a) J.tan xdx = log[sec x|+ C (b) Icotxdx =loglsinx|+C
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(c) .[secxdx =log|sec x +tan x|+C (d) .[cosecxdx =log|cosecx —cot x| +C

Integrals of the form If (ax+b)dx:-

If If(x)dx:e(x) then If (ax+b)dx:§6(ax+b)

Some Important deductions:-

n+l

(a) j(ax+b)“dx:%+c,n¢—l (b)J.alerbdx:ilog|ax+b|+C

abx+c eax+b
(c) jabx+°dx: +C,a>0anda =1 (d) je”*bdx= +C

bloga a
(e) J.sin(ax+b)dx:—§cos(ax+b)+c (f) J.cos(ax+b)dx:§sin(ax+b)+c
(g) Isecz(ax+b)dx=%tan(ax+b)+c (h) fcosec2 (ax+b)dx:—%cot(ax+b)+c
(i) Isec(ax+b).tan(ax+b)dx:isec(ax+b)+C
(i Icosec(ax+b).cot(ax+b)dx :—icosec(ax+b)+c
(k) Itan(ax+b)dx=§Iog\sec(ax+b)+c\ (1) jcot(ax+b)dx=§Iog\sin(ax+b)\+c

(m) Isec(ax +b)dx =§Iog ‘sec(ax+ b)-+tan (ax + b)‘+C

(n) [cosec(ax+b)dx :élog\cosec(ax +b)|—cot(ax+b)+C
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Type -1

Evaluate:-

(a) j(zx—s)*" dx

(b) j J3x + 2dx

3
:.£§Z£j%§)i_4_(:
3Ix—
2

() | : dx=—%log|2—3x|+C

2-—3X

(d)I ! dx:J.(Sx—4)%dx:

J5x —4

2x-3

(e) [e*dx ="

3x+2
a

3loga

(f) [a*2dx =

=§(3x+2)2 +C

+C

+C

5\/5x—4+C
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Type - 1I

Examples:-

(a) Isec2(7—4x)dx=—%tan(7—4x)+c

(b) jcosecz (3x+2)dx:%1cot(3x+2)+c

(c) _[sin(ax+b).cos(ax+b)dx
=%J'25in(ax+b).cos(ax+b)dx

:%J‘sin 2(ax+b)dx = —4—1acos(2ax+2b)+C

dx

(d Jus!n4x dX:IZSIHZ-X.COSZX
sin 2X sin 2x

SIN2X | ¢ _sin2x+C

:choszxdx:Zx

(e) jtan2(2x—3)dx

:I(secz(2x—3)—l)dx:Isec2(2x—3)dx—jdx:w—x+c
f etan*lxd P t o _t 1 d _dt
()I1+x2 X ut tan— X = S X =

= [e'dt —e'+C —e™ X4 C
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(8) Icosz»\/1+sin6x dx Put 1+sinbx =t= coszdx:%
1
3
zlxgtz +C :l(1+sin6x)E +C
6 3 9
4 2 2
(h) Itan \/;'SGC \/;dx Put tanx/;zt :>sec \/;dx=2dt
JIx JIx
= [t*(2dt)
=th4dt :Et5+c:gtan5\/;+c
5 5
(i) j s Put X+a=t —=dx=dt
sin(x+a)
jsm(_t_a)dt
sint
:J-smt.cosa.—cost.smaOIt
sint
= cosa| dt—sina| cottdt =tcosa-sina.loglsint|+C

=xcosa—sina.log|sin(x+a)|+C

(J)Iﬁ+ﬁ

Vxta-Jx+b o 1 [2 s 2 ;
:I(x+a) (x+b) =ﬁ{§(x+a)2—§(x+b)2}+c
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=ﬁ{(x+a)z—(x+b)g}rc

Integration using Trigonometric Identities:-

When the integral involves some trigonometric functions then some known trigonometric

identities are used to evaluate integral easily.

Integrals of the form jsinm x dx or_[cos”‘ xdxme N

To evaluate we express sin™ x(orcosm x) in terms of sines and cosines of multiples of x. For

which we use the following trigonometrically identities.

(2 sin’ x = == (b) sin3x:w
(c) cos”Rlk LS A8 () cos’ x = SO +3c0sX

2 4
Example:-

(a) Isinz X dx

1-—cos2xdx
= j P dx

2

:1 i_sm2x LC
2\ 2 4

(b) Icos“ X dx

=f(cos2 x)2 dx

(1+0052xj2
- (o) g
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=%j(3+40052x+cos4x)dx :§X+sm2x+sm4x+c

8 4 32

Integrals of the form jsinm x.cos" xdx,m,n e N

To evaluate the integrals of the form J.sinm x.cos" x dx we may use the following algorithm
Algorithm:-

Step — I:- Obtain the integral say J.sinm X.cos" x dx

Step — II:- Check the exponents of sin x dxand cos x

Step — llI:- If the exponent of sin X is an odd positive integer put cosX =t

If the exponent of COSX is an odd positive integer put sinx =t

If the exponents of sinxandcosX both are odd positive integers put either-or cosx =t. If the
exponents of sinxandcosx both are positive even integers then express sin™ x.cos" X both

are positive even integers then express sin™ X.cos" X in terms of sines and cosines of multiples
of x by using trigonometric results.

Example:-

[sin® x.cos* xdx Put COSX =t=>sin xdx = —dt
:jsinzx.cos“ X.sin x dx

= [(1—cos” x) cos* x.sin xdx

= [(r*-1)tdt

= [(t°—t*)at

7 5
_ (cosx) ~ (cosx) C
7 5
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Integrals of the form jsin px.cosgx dx or _[sin px.singx dx orj COS pX.Ccos gx dx

To evaluate these types of integral firstly multiply and divide by 2 then use the following

trigonometric identities.
2sinA.cosB=sin(A+B)+sin(A-B)
2cosA.sinB=sin(A+B)—sin(A-B)
2cosA.cos B=cos(A+B)+cos(A—B)
2sin A.sinB =cos(A—B)—cos(A+B)
Example:-

I C0S 2X.C0S 4Xx.cos 6x dx

:%j(Zcos4x.cost)c036xdx
:%I(cosz+cos 2x).cos 6x dx
:%J.(cos2 6X +C0s6X.C0s 2X ) dx
:%J‘(Zcos2 6X +2c0s6X.C0s 2X )i

= 1J.(1+ €0s12X +C0s8X +C0s4x ) dx
4

1 sinl12x sin8x sin4x
=—| X+ + + +C
12 8 4

:§+isin12x+isin8x+isin 4x+C
4 48 32 16
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Example:-

jsin 2X.cos3xdx

= 1jZSin 2X.C0S 3xdx
2

= %J'(sin 5x —cos x ) dx

2

1 (_COSSX +cosx]+C

1
:——0055x+lcosx+C
10 2

Integrals of type jtan’“ x.sec" x dx &Icot" x.cosec™x dx
(a) jtanzxdx (b) Itan3xdx (c) _[tan“xdx (d) Itan5xdx

(e) _[tane X dx (f) J'cot2 X dx (g) j.cot4 x dx

Integrals of some Particular functions:- Here we discussed some standard formulae with their

proof and the methods to solve some other standard integrals with the help of these formulae.

dx 1 X—a dx a+x
a =—log||l——|+C b =—1Ilo +C
( )-[xz—az 2a gjx+a ( )Iaz—xz 2a 9 x a—X
dx 1. (X dx 2 .2
c =—tan"| — |[+C d) | ———==1I0 ‘x+ x“—a“|+C
ol (3 O

Iog‘x+ x*+a’|+C

(e) jﬁz (f).[\/i_sm[XJ +C
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Poof:-

dx 2a 1
et = = el ey ocra)

dx

B ML D Y

2a’ (x—a)(x+a) 2a X +a

1
:Z[Iog|x—a|—log|x+a|]+c

2a X+a
(b) Let |=I%dx=i (a+x)+(a—x)dx
a 2a’ (a+x)(a-x)

[I—d + —dx}
2a a+Xx

1
=—1| —logla—x|+logla+X| |+C =—log|—|+C
~=[=10g]a—x|+log[a-+x(] o7 100 —
(c) Put x =atan® then dx =asec’ 0do
dx asec’0do 1 0
Therefore = =Z(do==+C
Ix2+a2 Iaztan26+a2 aj a
“LantXic
a a
(d) Put x=asecO (e) Put x=atan6 (f) Put x=asin©o
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Example:-

Find the following integrals

1 1 1 |x—4
a dx = dx = lo +C
( )-[xz—16 Ix2—42 2x4 |x+4)
8 “|x+4

Integral of the type

Imdxorj

dx
Jax? +bx+c

. b C
We write ax2+bx+c:a[x2+—x+—
a a

J‘Z;dX:1 %dt and hence can be evaluated and
ax“+bx+c a‘t tk

dt which can be integrated by using suitable formulae.

1 1 1
- dx==(—=
Ix/ax2+bx+c x aJ‘«/kz—t2
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Example:-

Evaluate | ———————dx
(a) Evaluate ~[3x2 +13x-10

1 1 1
et 1=[ 2 -1 1
3x* +13x -10 3Ix2+Bx—m
3 3
- 13 17
_1I 1 1 g6 6],
—= . - =
3 X+§ _[(17 3><2><E X+E+E
6 6 6 6 6
:ilog 3X_Z‘+Cl+ilog} :ilog 3)(_2‘+C
17 X+5 17 3 17 X+5
1
(b) Evaluate '[—dx
\J3—Xx+x?
_J'\lidx J dx = ! de
X+ 1 11 2
2 4 2 2
2
=log|x —=+ [x—%) +1—1 +C

Integral of the type JM dxand Jx—md

+bx+c Jax? +bx+c

To evaluate such integrals we first write the numerator as
d/ o

px+q=A{—(ax*+bx+c)¢+B
dx

=A(2ax+b)+B

Then find A and B by comparing the coefficients of like powers of x from both sills. Now put

then given integral reduced to one of the known forms which can be integrated easily.
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Examples:-

Find the following integrals

X+2 X+3
__X*+e b
@ | o™ ( )ja/x Y

Solution

Let x+2:A.i(2x2 +6x+5)+B
dx

= X+2=A(4x+6)+B

Equating coefficient, A = - B= 1
4’ 2
1
.'.X+2=Z(4x+6)+_
1 1
~(4x+6)+>
|=I 2X+2 dx = [4— 24ix
2X° +6X+5 2X°+6X+5
_ J‘ 4X +6 +EJ;
2x? +6x+5 29 2x*> +6x+5
L1y
4 2
4X+6
Now I, = [ ———dx =log|2x? + 6x +5|+C
! '[2x2+6x+5 g‘ ‘ 1
1, = J— Z—I 1 ;_,ztan’1(2x+3)+c2
2X* +6x+5

|og\2x +6x+5\ “tan!(2x+3)+C
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Integration by Partial Fractions

Partial fraction decomposition:- It is always possible to write the integrand of the form

Q(x)’
where P(x)andQ(x) are polynomials in x and Q(X)#0 as a sum of simpler rational functions

by a method which is known as partial fraction decomposition. Each such fraction is called a

partial fraction and it has the simplest factor Q(X).

Working Rule:-

P(x
Step — |, Suppose the given integral is in the form () then the first check P(x)andQ(x) are

Q(x)

polynomials Q(X) #0. Also for proper and improper.

P(x)

Step - Il If ——= is a proper fraction, then we go to the next step directly.

Q(x)

P(x)
(x)

proper factional function using

P(x)
If
Q(x)
form of T(x)+ Pl(x), T(x) are a polynomial in x and
Q(x)

division Algorithm.

is an improper fraction then we divide P(X) by Q(X), then is expressed in the

Plx
Q(x)

Step — 3 Now the decomposition of the proper fraction into partial fractions

depends mainly upon the nature of the factors Q(X).
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Form of the rational Function

Form of the partial fraction

Px+q A B
@) (x—a)(x—b) ar x—a x—b
(b) PX2+0gX+r A N B N C
(x—a)(x—b)(x—c) X—-a X-b x-c
P A B
() —— e
(x-a) x-a " (x-a)
q PX* + QX+ A, B  C
( )(x—a)z.(X—b) X—a (x_a)2 xX-b
PXZ + QX+ T A , Bx+C

(e) (x—a)(x2 " bx+c)

X—a X’+bx+c

Note:- If a rational function contains only even powers of x (i.e. 2 or 4) in both the numerator

and denominator then resolve it into partial fractions we proceed as follows.

Step -1, Put X’ =y

Step — Il, x> = y Resolved the reduced rational function into partial fractions.

Step — Ill, Replace y by x*

Example:-

dx

1
@) I(x+1)(x+z)

1 A

Solving these equations we get

A=1,B=1

(x+1)(x+2)=X+1+x+2
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11 1
(x+1)(x+2)_x+1 X +2

dx 1 1
= [——dx— d
j(x+1)(x+2) -[x+1 X J-x+2 X
X+1
=1 +C
N2 X+2
x%+1
b) [~ "~
( )jx2—5x+6dx
X241 5x—5

x> —5X+6 +(x—2)(x—3)

°ox-5 A 13 B
(x—2)(x—3)_x—2 x—3

Solving this equation we get A=-5,B =10

x2+1 -5 10
5 =1+ +
X —5X+6 X—2 X-3

Thereforej dx —de 5I—dx+10 —dx

x? —5x+6 X—-3

=x—5log|x—2|+10log|x—3|+C

3X -2 A B C
= +

We write > = + >
(x+1)"(x+3) x+1 (x+1)° X+3

:>3x—2=A(x2+4x+3)+ B(x+3)+C(x2 +2x+1)
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Solving A=1—1,B=_—5,C=_—11
4 2 4

Thus the integral and is given by

x-2 11 5a 11

(x+1 (x+3) 4(x+1) 2(x+1) 4(x+3)

J.(?’X—_zdx=1—1log|x+]4+ > —1741Iog|x+3|+C

x+1)2(x+3) 4 2(x+1)2
=1_1I o x+1| 5 _iC
4 X+3| (x+1)
X% +X+1
(d )I x+2 x +1)
xX*+x+1 A Bx+C

(x+2)(x2+1) X122

2.1
. X +Xx+1 3 5 Xte 3 1(2x+1)
Solving = -+ = +=
(x+2)(x*+1) 5(x+2) x*+1 5(x+2) 5\x*+1

X% +X+1 3 1 1,
Imdx=g|og|X+2|+g|Og‘X2+1‘+gtan 1X+C

x2+1
()Ix+2 2x+1)X

x?+1 B y+1
(x*+2)(2x* +1) ~(y+2)(2y+1)

let x> =y

y+1 A N B
(y+2)(2y+1) y+2 2y+1

Solve it
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Integration by parts:- let u and v be two differentiate functions of a single variable x, then the

integral of the product of these two functions denoted as J.u.vdx and defined as

Iu.vdx =ujvdx =J.(dix(u)jvdxjdx. If in the product two functions are of different types,
then take that function as first function (i.e u) which comes first in the word ILATE, where,

I: Inverse trigonometric function

L: Logarithmic function

A: algebraic function

T : Trigonometric function

E: Exponential function

Note:- Integration by parts is not applicable in all cases for instance the method does not work

for J.\/;sinxdx. The reason is that there does not exist any function whose derivative is
Jxsinx.

Example:-

.[xcosxdx

= xjcosxdx—J‘(dix(x)fcosxdxjdx
= xsinx—J.sin x dx

=XSinX+cosx+C

Note:- Write the constant of integration in the last part of the integral while integrating.
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Example:-

jlogxdx

= J.(lx log x ) dx
= log ledx —j(%(log x).[ldxjdx

1
=(I X—|=.xd
(logx).x Jxx X
=xX(logx)-x+C

Example:-

Evaluate Iex.cosxdx

Let | :Iex.cosxdx

—cosxje dx — j( cosx .[exded
=ex.cosx+jsinx.exdx
=e* cosx+smxjexdx J( smx jexdx)dx

=@ cos X +5sin x.e* —Iex.cosxdx
| =e*cosx+e*sinx—1+C,

= 2l =e*(cosx+sinx)+C,

X

=1 =e?(cosx+sin x)+C
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Note:- Above integral can also be determined by taking cosx as the first function and €* the

second function.

Integral of the type jex (f (x)+f '(X))dx
We have | :Iex (f(x)+f'(x))dx

:J'exf (x)dx+jex.f '(x)dx

=f(x)e* —If '(x)exdx+jex.f '(x)dx+C
=e*f(x)+C

Thus fex (f(x)+f'(x))dx =e*f(x)+C
Example:-

(a) _[e" (sinx+cosx)dx

=e*sinx+C

1
b) |e*| tan™ x dx
( )I ( +1+x2j

=e*.tan'x+C
2 2_1)+2
(c) jex X +12 dx :jeX % dx
(x+1) (x+1)
:Iex X1 2 dx :IeX x-1, 2 dx
(x+1)2 (x+1)2 X+1 x+1)2
« [ X-1 _x-1 2
e (x_uj” f(x)=2"1 (0=
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X.e” | ox+1-1 x+1 -1
() J.(1+x)2 o :je ((1+x J _'[ { 1+x (1+X)2de

—I { L ]dx =e"x ! +C
1+X 1+x) 1+x

Integrals of some more types based on integration by parts method:-

Here we will discuss some more special types of integrals which can be proved by using

integration by parts and directly used to evaluate given integrals.

C

2
(a) '[x/xz—azdx:gx/xz—az —%Iog‘x+\/x2—a2 +

C

12
(b) sz +a2dx=§\/x2 g +%Iog‘x+xlx2 +a’|+

2
(c) Ix/az =Xedx'= gxlaz = +%sin‘1 (§j+c
a
Proof:-

(a) Let | =I1x«/x2 —a’dx

—x? —azjdx—j(%\/xz —azj.ldxjdx
=xA/X? —a? —I%dx
X2 _

_ 2
= xA/X2 —a’ —Imdx
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1
=xx?—a%? —1-a?| ————dx
.[ /Xz _ a2

21 =xx? —a? —a’ Iog‘x+x/x2 ~a’

+C,

+C

2
X a
=1 =§\/x2 -a’ —?Iog‘x+«/x2 -a’

Similarly, we can prove other formulae given above

Example:-
(a) I41—4x2dx
2x=t
=I 1—(2x)2dx Put = 2dx =dt
= dx :ﬂ
= [\1-t s :ljx/l—tzdt :3{1\/142 +Esinl(£ﬂ+c
2 2 212 2
:%[x\/1—4x2 +%sin‘1 2x}+C =§x/1—4x2 +%sin‘1 2x+C

(b) L/l+%2dx
=I 1+(§)2dx

=§ 9+x? +glog‘x+x/9+x2 +C
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Method to evaluate integrals of the form J.\/axz +bx +cdx

Let Izj'x/ax2+bx+cdx
= Ix/tz + kzdtorj-\/k2 —t? dt (As discussed earlier)

Then apply a suitable formula to integrate.

Example:-

(a) jx/x2—8x+7dx
Let | ='[\/x2 —8X +7dx

= [x* —8x+16-9dx
= [J(x—4)" -3 dx
:XT_A' x? —8x+7—%log‘(x—4)+x/x2 —8x+7‘+C

(b) Ix/1+ 3x —x? dx

=I —(x* —3x-1)dx

T

2x -3 13 . 2X-3
= J1+3x—x? +—sin™ +C
4 8 [ V13 ]
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Method to Evaluate integrals of the form I(px +0)vVax® +bx+cdx

d
To evaluate such integrals we firstly write px+q= Ad—(ax2 +bx + C) +B
X

=A(2ax+b)+B
Then find A and B by comparing the coefficient of like powers of X from both sides

Example:- Evaluate J’(x—3)x/x2 +3x—-18dx

Solution:-

Let 1= [(x~3)y/x*+3x ~18dx

Now x-3=A(2x+3)+B

=2Ax+(3A+B)

Equating the coefficient of X and constant term from both sides we get
2A=13A+B=-3

:>A:£,B:—g
2 2

Thus the given integral reduces in the following form

B j@(ms)_gjmdx

= J(2x+3) 5 +3x 18k -2 [ 3 +3x 18 ox

1. 9

2'1_§|2
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I, =§(x2 +3x-18)" +C,

 2x+3 81

x2+3x—18—glog +C,

I,

2X2+ 3 +4x%2+3x-18

e %(x2 +3x-18)" —§(2x+3)\/x2 +3x-18 +71—269Iog 2X2+3 +x? +3x—18]+C

Definite Integral:-

b
An integral of the form of J.f (x)dx is known as definite integral, ‘@’ and ‘b’ are called the lower
a

and upper limits of a definite integral

The value of the definite integral is given by either as the limit of a sum or if it has an anti-

derivative F, then its value is the difference between the values of F at the endpoints i.e
F(b)—F(a)
Definite Integral as the limit of a sum:-

Suppose f(x) be a continuous function in [a,b] divide interval [a,b] into n equal subintervals

each of length h so that h= b-a
n

Then Tf(x)dx: limh|[f(a)+f(a+h)+..+f(a+(n-1)h)]

The above expression is known as the definition of definite integral as the limit of a sum

Note:- The above expression also written as

b

!f (x)dx :(b—a)!m%[f(a)+f(a+h)+ ..... +f(a+(n—1)h)]
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b-a
Where h=———>0asn —> w
n

Working Rule:-

Suppose the given definite integral is if (x)dx . Then to find its value as the limit of a sum we
a

use the following steps.

Step — 1|

Compare the given integral with standard form and find the values of f(x),a, b,andnh=b-a

Step - I

Find the values of f(x) at x=a,a+h,a+2h....,x=a+(n-1)h

Step —lll

Put the values obtained in the formula

Tf(X)dX = Liinoh[f(a)+f(a+h)+f(a+2h)+....+f (a+(n —1)h)] and simplify it.

a

Step -1V

While simplifying step — Ill we make a collection of constants h,h?,.....etc and simplify it.
Step-V

Finally, put the values of “nh” and simplify the limit to get the required result.
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Example -1

2
Find J.(x2 +1)dx as the limit of a sum

0

Solution:-
By definition
b
Tl
!f(x)dx=(b—a)LmH[f(z)+f(a+h)+....+f(a+(n ~1)h)]
Where h :B
n
Here a=0,b=2,h:ﬁ=z
n n
f(x)=x+1
2 i -
Therefore J.(x2+1)dx=2liml f(O)+f(—)+f(—)+....+f[2(n 1)]}
) h—o N i n n n

=2lim=

1 1+(

n—oo n

n

2

—+1

2
%+1j+[4

2

= 2lim (1+1+1+....+1)+i2(22+42+ ...... +(2n—2)2)}
e | n
122 2
=2!mﬁ_n+ﬁ(12+22+ ..... +(n-1) )}
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n—o M n 6

Example - 2

Evaluate j(x IRE 2~ )dx
0

Solution:-

Comparing with its standard form a=0,b=4,f (x) = X+e* nh=4

f(a+h)=f(0+h)=h+e*"
f(a+2h)=2h+e"
f(a+(n-1)h)=(n-1)h 4 enth

Now by using the formula
b

[f(x)dx=limh|f(a)+f(a+h)+..+f(a+(n-1)h)]

a

We get i(x+e2x)dx =limh[f(0)+f(0+h)+f(0+2h)+...+F(0+(n-1)h)]
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=limh|1+(h+e™)+(2h+e™)+...+(n-1)h +e2(“’1)“]

h—»0 L

(h+2h+..+(n —1)h)+(1+e2h reth 4 el hh )J

| - g2 ”_1
i n(12+. o (n-) S ]
— 2h n
=limh hxn(n_1)+(ezh) 1}
hs0 2 e” -1

= h 2nh_1
=“mnh(nh h)+Iim (GZh )
h—0 h—0 e .
. h(e®-1
=lim (4 h)+Iim (i )
h—0 2 h—»0 @-" —1
4(4-0
= (2 )+(eg—1) ]
lim
h—0 h
i
:8+(e8—1) "
20im &1
h—0 2h
8 8
:8+e —1:15+e
2 2

Evaluate the following definite integrals as a limit of a sum

(a) jede (b) i(x +1)dx (c) f(x2 —x)dx
0 0 1
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Fundamental Theorem of Integral Calculus:-

The fundamental theorem of integral calculus is a connection between indefinite integral and
the definite integral.
The first fundamental theorem of integral calculus

Let ‘f’ be a continuous function defined on the closed interval [a, b], then
d X

d_Xaf(t)dt =f(x) forall xe[a,b]

Second Fundamental Theorem of Integral Calculus:-
Let ‘f' be a continuous function defined on the closed interval [a, b] and F be an anti-derivative

of ‘f’ then,

b

[f(x)dx=[F(x)] =F(b)-F(a)

a

Note:- There is no need to keep integration constant C because

b

[ (x)dx =[F(x)+C] =(F(b)+C)~(F(a)+C)=F(b)-F(a)

a

Question:- Evaluate

2 /2 /2
(a) j(4x3+6x+9)dx (b) _[cosz xdx (c) Iex (sinx—cosx)dx
1 0 0
X ) 1 1
(d) f(x)=[e".sintdt, write f'(x (e) dx
- s e e
2 X /4 3 X
(f) !mdx (g) _([tanxdx (h) !X2+1dx
B |
(i) J1‘1+x2 x=__ U -([9x2+4dX:—

Evaluation of Definite Integral by substitution:-
There are several methods for finding the indefinite integral. One of the important methods for

finding the indefinite integral is the method of substitution
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To evaluate If dx by substitution, we use the following steps

Working Rule:-

Step — 1, Substitute some part of integral as another variable (say t) such that its differentiation
exists in the integral so that given integral reduces to a known form.

Step — 2, Change the upper and lower limits corresponding to the new variable.

Step - 3, Integrate the new integral w.r.t the new variable.

Step - 4, Find the difference of the values of the answer obtained in step — Ill at new upper and
lower limits.
Example:-
1
(a) Evaluate [ 5x*\/x® +1dx (b) Evaluate j an " X dx
-1
3 1 /2
(c) Evaluate |————dx (d) Evaluate [ </sin cos®0do
» X(1+logx) :
2 1 2
(e) Evaluate I—zdx (f) Evaluate Ix\/X+2 dx
o X+4-—X 0
11 p 2x
(g) Evaluate I(———zjezx dx (h) Evaluate J.sin‘l( > jdx
1AX  2X 0 1+x
d 3 n/2
(i) —Iex sinxdx = (4) Isinzx.cosxdx
dx -

Basic Properties of definite Integral:- In this section, we will study some fundamental
properties of definite integrals which are very useful in evaluating integrals.

Properties:-
b b b a

(a) [f(x)dx=[f(t)dt (b) [ f(x)dx =—[f(x)dx
a a a b

(c)if(x)d _C[f dx+jf x)dx , where a<c<b

a

In general Tf (x)dx Tf dX+I X)dx +... +I

a
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Where a<c, <C,<C;<....<C, <Db

Example:-

1-2x, x<0

1
f d h f =
(a)j1 (x)dx, where f(x) 142%. x50

4
(b) If(X)dX,wheref(X) {2X+8, 1<x<?2
1

6X, 2<x<4

(c) I|5x—3|dx (d) jf|cosx|dx (e) _[|x—2|dx

(f) [(jx—11+[x—2+[x—3)dx

3/2

(g) j |xsinnx|dx
)

xsinmxfor -1<x<1

Hints here f(X)=|XSin TEX| 3 sinxfor 1<x< 3
—XSIn X for sSXs—
i 2

(h) _2”x3 —x‘dx

x}-x , -1<x<0
Hints f(x):|x3—x|: —(x3—x) , 0<x<1
x*=x , 1<x<?2
1 712 712 712
(i) J'e‘x‘dx (i) Isinzxdx+ I cos’ ydy — I dt
-1 0 0 0

Properties of definite integral
Some important properties which will be useful in evaluating the definite integrals are given

below.

(a) jb-f(x)dx =jb.f(a+b—x)dx

a
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a

(b) If (x)dx = J.f (a—x)dx (Particular case of property 4)

o Fran- Z_j[f(x)dx, if (22— x)=f (x)

0, if f(2a—x)=—f(x)

@ j'f(x)dx= 2!f(x)dx, if f (x)iseven function

0, if f (x)is odd function

By using properties of definite integral evaluate the following integrals

) “.’[2 sin® x = “J/.Z Jsinx
< sin® x+cos” x Jsinx +a\/cosx
T xsinx i
d ————dx
-([1+cos X ( )nj,.61+x/tanx
1 /4
(e) jx(l—x)n dx (f) J' log (1+ tan x) dx
0 0
n/2 n
(g) Ilog(sinx)dx (h) Isinsxdx
0 _
n 2n
(i) jcos3xdx (i jcos5xdx
_ 0

Problems For Practice

Evaluate the following integrals
4

(a) jcosz\/1+sin 6x dx (b) jﬁdx
x—=1)(x?+
(c) J.(«\/cotx +\/tanx)dx (d) Isec3xdx
1
(e) -[2+35inxdx (") ~[2coszx+35in2xdx

3/2
(g) I |xsin (nx)|dx

-1

I 5 dx
2 a’ cos’ x+b sin® x
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3

1
(i) I X = dx (i) _[x” cos” x dx
1-x 1
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