Chapter- 13

LIMIT AND DERIVATIVES

Fundamental of Limits:-
Definition of Limit:- If f(x) approaches to a real number 7, when x approaches a (through lesser or

greater values to a) i.e if f(x)—> ¢, when x —>a, then / is called the limit of the function f(x). In

symbolic form, it can be written as limf(x)=/.

x—a
Algebra of Limits:-

Sometimes two or more functions involving algebraic operations such as addition, subtraction,
multiplication, and division are given, and then to find the limit of these functions involving algebraic
operations, we use the following theorem.

Let f and g be two real functions with common domain D, such that lim f(x) and lim g(x) exists.

X—>a X—a

Then

(a) The limit of the sum of two functions is the sum of the limits of the functions.

i.e lim (f+g)(x):IXiLr; f(x)+|xi22 g(x)

X—>a

(b) Limit of the difference of two functions is the difference between the limits of the function
i.e lim(f-g)(x)=limf(x)—limg(x)
(c) Limit of the product of a constant and one function is the product of that constant and limit of a

function,

i.e lim [c.f(x)] =clim f(x), where cis a constant.

X—>a X—a

(d) Limit of the product of two functions is the product of the limits of the function, i.e

lim [ f(x).g(x)] = LILT: f(x)lxlir; g(x)

X—>a

(e) Limit of the quotient of two functions is the quotient of the limits of the functions, i.e

lim f(x
lim fx) = X2 ( ),where limg(x)=0
x—a g(x) IXILT: g(x) x—a

Limits of polynomial function:-

A function f is said to be a polynomial function if f(x) is zero function or if

f(x)=a, +ax+a,x’ +...... +ax", where a/’s are real numbers and a, #0.
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Method to find the limit of a polynomial:-
To find the limit of given polynomial, we use the algebra of limits and then put the limit and simplify.
It can be understood in the following way.

We know that, lim x=a. Then lim x* =lim (x.x) =lim x.lim x =a.a=a’

X—a X—a X—a X—>a X—>a

Similarly, lim x" =a"

X—a

Example:-1

Evaluate the limits lim (4x3 — 2% —x+1)

x—3

Solution:-

lim (4x3 —2x’ —x+1)

x—3

=4lim x> =2lim x> =lim x +lim1

x—3 x—3 x—3 x—3
=4(3)’-2(3)" -3+1=108-18-2=88

Limits of Rational Functions:-

N—"

g(x

h(x)

A function f is said to be a rational function, if f(x): where g(x) and h(x) are polynomial

functions such that h(x)#0.
)

Then, LILT;I f(x) :Ixi_rg%

_limg(x) _g(a)
limh(x) h(a)

X—>a

However, if h (a) = 0, then there are two cases arise,

(i) g(a)=0 (i) g(a)=0

In the first case, we say that the limit does not exist. In the second case, we can find a limit. Limit of a
rational function can be found with the help of the following methods.

Direct Substitution Method:-

In this method, we substitute the point, to which the variable tends to in the given limit. If it gives us
a real number, then the number so obtained is the limit of the function and if it does not give us a

real number, then use other methods.
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Example:-

Find the limits of the following

2 Y 5
(i) lim = 4 (i) lim w
x>2 x+3 x——1 (X4+1)
Solution:-
2
(i) lim 4 —ﬂzgz
x>2 x+3 243 5
(ii) lim (x=1)+3¢  (-1-1)'+3(-1)° (-2)'+3(1) 4+3 7
o (X4+1)2 ((—1)“+1)2 (1+1) 2 4

Factorization Method:-

f(x)

. 0 . .
Let lim ﬂ reduces to the form awhen we substitute x = a. Then we factorize f(x) and g(x) and
X—a g X

then cancel out the common factor to evaluate the limit.

Method to determine the limit by using the factorisation method:-

f(x)

Step—1 write the given limit as lim —=
x—a g(x)

If limf(x)=0 and limg(x)=0, then go to the next step, otherwise use the direct

X—>a X—>a

substitution method.

Step -1l Factorise f(x) and g(x), such that (x —a) is a common factor and write given limit as

lim (x—a)f (x)

e, (0
fi(x)

Step—ll Cancel the common factor(s) then limit obtained in step Il becomes IimT)
X—a gl X
Step -1V Use a direct substitution method to obtain a limit.
Example:- 1
4x* -1

Evaluate lim

2
Solution:-

1 0
On putting x =E , we get the form 0 So, let us first factorize it
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2 —
Consider, lim ax 1 :“m(2x+1)(2x 1
ol 2x=1 ol (2x-1)

=lim (2x+1):2(1J+1:2
L 2

X_)E
Example:- 2
2
. X —4
Evaluate lim -
x=2| X —4x° +4x
Solution:-

0
On putting x = 2, we get the form 0 so, let us first factorize it.

x> —4 _ (x+2)(x-2)

Consider, lim— > =lim 5
o2 A +Ax 07 x(x—2)

=lim (X+2) = i 2 :ﬂ which is not defined.
o2x(x—2) 2(2-2) 0

. x> —4 )
Sim T B does not exist.
x=>2| x° —4x” 4+ 4x

Rationalization Method:-

0 . . . . .
If we get p i form and numerator or denominator or both have a radical sign, then we rationalize the

. I 0 T
numerators or denominator or both by multiplying them to remove ° the form and then find limit

by direct substitution method.

Example:- 1
N24+x—+/2
Evaluate lim ;\/_
x—0 X
Solution:-

When x = 0, then the expression

Fixa

0
becomes of the form o So we will be rationalizing the

numerator by multiplying and dividing its conjugate i.e /2 +x +\/£

'Iimm_ﬁzlim(m_ﬁ)( 2+X+ﬁ)
TR TR (V2R
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2+x-2 1

[LIMIT AND DERIVATIVES] BRYAIAY oS Ry 0o A\ [o) =

1
X0 x( 2+X +\/5) 20 \J24+X +\/5_2\/§

By using Some standard Limits:-

n n

. a
If the given limit is of the form lim X , then we can find the limit directly by using the following
X—a X—a

theorem.

x"—a" n-1

Theorem:- Let n be any positive integer. Then lim
X—a X—a

Proof:- We have known that x" —a" = (x—a)(x"_1 +ax"? +....+a" %X +a”_1)

n n

On dividing both sides by (x—a), we get

X—a
. X" —a" . n— n— n— n—
Thus, lim =I|m(x 'tax" 2 +.....+a" x +a 1)
X—a X—a X—a
n-1 n—2 n—2 n—-1
=a +a(a )+....+a a+a
=" +a" 4. +a !
=na"!
Example:-1
. x'°=1024
Evaluate lim———
X—2 X—2
10
x—1024 0
Solve:- When x = 2, the expression —2 becomes of the form 0
X_
10 10 10
x— —1024 X =2
Now, lim———— =lim————=10x2"""=5120
x—2 X—2 x=2 X —2
Example:-2
Evaluate lim——2_
valuate HZQ/;—32
Solution:-
) Xx—2 1 B 1 B 1 (23
IXIE; X1/2 —21/3 - X1/3 —21/3 B 1 1/3-1 B 1 -2/3 _3(2 )
i 20 L) L)
X—2 X—2 3 3
Example:- 3
. x>=32
Evaluate lim
x=2 x° —8
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Solution:-
x> —2°
5 5 5 - 5 5 3 3
X’ —32 X =2 _ . -2 . -2
lim = lim—5— =lim—=% 23 = lim 2 +lim>
x=>2 ¥ _8 x=2 x> =2 x—2 X _2 x—k2 X_2 x—2 X—2
X—2
=5X2571+3X2371
4
=5><24+3><22=5X22 :Ex22:§
3x2° 3 3
Example:-4

(2x+4)" 2
Evaluate lim——~——
x—2 X—2

Solve:-

Put 2x+4=y,theny —>8as x—2

1/3
2x+4)"7 =2 3_2
222 vP2
x—2 X—2 y—8 y—4
B>
2
1/3 /3 1/3 1/3
—(8 —
=2lim ( ) =2 P

x—8 y_4_4 x—8 y_8

1, 1.
=2.2(8
S(8)
1/ v2 2,2 2 1 1
=2.5(2*)3=2.(2) " ==x===
3() 3() 374 6

Limits of Trigonometric Functions:-

Three important limits are

Where x is measured in radian
Method to determine the limit of trigonometric Function:-
Step—| First, check that the given variable tends to zero or not. If yes, then go to step Il,

otherwise put x=a+h in the given function such that as x —>a,thenh—0
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0
Step—1I Put the limit in a given function, if 0 the form is obtained, then we go to the next

step. Otherwise, we get the required answer.
Step-lll Simplify the numerator and denominator to eliminate those factors which become 0

on putting the limit.

. . . sin@ tan®
Step— IV Now, convert the result obtained in step lll, in the form of Tor
Step—-V Substitute the value of the standard limit of a trigonometric function as obtained in

step IV and simplify it.
Example:- 1

Evaluate lim0OcosecO
0—0
Solution:-

. . 0
limOcosecH =Ilim——
00 9—>Osine

E

=lim—
0-0SiN0 1

0

Example:- 2

. Sin3x
Evaluate lim
x—0 5)(

Solution:-

sin3x . sin3x . 3 sin3x 3. sin3x
Ilrrg c =I|ng 3 =I|rrg—. =—. |rr(}
X X—> 5XX— X—> 5 3)( 5 X—> 3X

=—)(1=—
Example:- 3
. tanx®
Evaluate lim
x—0 X
Solution:-
tan—2
. tanx® )
lim :Ilmﬁ=1
x>0 x° x—0 TTX
180
Example:- 4

ODM Educational Group Page 7




. [ sin2x+sinbx
Evaluate lim| ————
x=0\ sin5x —sin3x

Solution:-

. [ sin2x+sin6x . [ 2sin4xcos3x . [ sindxcos2x
lim| —— | =lim| — |=lim| ——
x>0\ sin5x —sin3x x>0\ 2cos4xsinX x-0\ cos4xsinx

.| sindx X 1
=lim X —— X COS2X X x4
x>0 | 4x sinx cos4x

sin4dx X 1
=4x lim xlim| —— |x lim cos2x x =|4x1x1x1x= |=4
x>0 4y x>0\ ginx | 2x-0 lim cos4x 1
4x—0
Example:- 5
. 1-—cos4x
Evaluate lim————
x—0 X

Solution:-

. 1-—cos4x
lim———
x—0 X

. 2sin°2x X
=lim—x—

x—0 X X

sin2x 2

=Iim2( ) x4x=2x1x0=0

x—0 2X
Example:- 6

. tan2x—sin2x
Evaluate lim—————
x—0 X

tan2x —sin2x

Solution:- lim 3

x—0 X

sin2x .
—sin2x

— |im £0s2X

x—0 X3

. Sin2X —sin2x.cos2x
=lim 3
x—>0 X~.C0S2X

sin2x(1—cos2x)

=lim 3
x—0 X~.COS2X
_ tan2x .. 2sin*x
=lim xlim >
x—0 X x—0 X
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Example:- 7

. sin
Evaluate lim
X‘)TETE—X

Solution:-Put 7—x=Yy,y >0asx—->rx

. sinx
Therefore lim
X*)TETC—X

:“mw

y—0 y

. sin
:Ilm—y
y—0 y

=1

Evaluate of Trigonometric Limits by Factorisation:-

Sometimes, trigonometric limits can be evaluated by the factorisation method.
Example:- 8

. cot’x-3
Evaluate lim ———
x>1/6 COSECX — 2

Solution:-

. cot’x-3
lim —
x-n/6 cosecx —2

. cosec’x—1-3
lim — = — =
x>n/6  COSeCcX —2

cosec’x —4

lim
x>n/6 cOSecx —2

(cosecx —2)(cosecx+2)

= I.
s (cosecx—2)

= lim (cosec x+2)

x—1/6

:cosecg+2:2+2:4
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Limits of Exponential Functions and Logarithmic Functions:-

Limits of Exponential Functions:-

A function of the form of f(x)=e" is called the exponential function

To find the limit of a function involving exponential function, we use the following theorem.

e’ -1
Theorem lim =1

x—0 X
Method to find the limit of exponential functions:-

e’ -1

X

If gives function has an exponential term, then we convert the given theorem in the form of

X

e
and then use the theoremlim =1.
x—0 X
Example:- 1
3x
.oe” -1
Find the value of lim
x—0 X
Solution:-
Ce¥—-1  e¥*-1 3
lim =lim X =
x—0 X x—0 X
3x
.oeT =1
=3lim
D0 3K, (1)

Let h =3x. Then h—>0as x—0

Now, from eq. (1) we get
3x h

3lime_ 1 —3jim® h_1=3><1=3

x—0 X h—0

Example:- 2

X _ 43

e
Evaluate lim
x—3 X_3

Solution:-

e*—¢?

We have lim
x—3 X—3

On put h=x-3 we get

] ex _e3 ) eh+3 _e3
lim =lim
x>3 x—13 h—0 h
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_ ee®-e
=lim
h—0 h
h
e -1
=e’lim —e*x1=¢>
h—0
log (1+x
Theorem:- IimL):
x—0 X
log (1—x
Note:- IimM=
x—0 —X
Corollary:-
log (1—x a“ -1
(i) ImL:l (ii) Iing =loga
x—0 —X X—>

Method to find the limit of logarithmic Function:-

If given function involves logarithmic function, then we convert the given function in the form of

log (1+x log (1+x
L and then use the theorem IirrgL) =
X x> X

Example:- 3

log (1+2x
Evaluate ImM

x—0 X

__log, (1+2x)
Solve:- We have, |II’T(1)—
X—> X

2
X_

2
sl log, (1+2x)

x—0 2X

On putting h = 2x we get

:2||mM :2||mw

x—0 X h—0 h

=2x1=2

Example:- 4

1+x—
Evaluate lim——

1
x>0log(1+x)

Solution:-

On multiplying numerators and denominator by v1+x +1 we get
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\/1+x—1>< Vi+x+1
-0log(1+x) (M-ﬂ)

_lim 1+x-1
X"O(x/1+x +1)Iog(1+x)
X

=lim

x>0 (x/ﬁ+ 1)Iog(1 +X)

= ! lim 1 _ 1 ><1—1
_(,/1+0+1)x—>0Iog(1+x)_1+1 2
X

Example:- 5

2" -1
Evaluate lim———
x>0 \/1+x -1
Solution:-

2°-1

0J1+x -1

| (\/mﬂ)
S ex -1 (i)

=Iim2x_1x{\/mwtl}

x—0 X
21
=lim inrr3<\/1+x +1)
X—> X X—>

=(log2)x2=2log2
Concept of Left hand and right and hand limit:-

Left-hand limit:- A real number 7, is a left-hand limit of the function f(x) at x = a if the values of
f(x) can be made as close as /, at points closed to a and on the left of a. Symbolically, it is written as

LHL = lim f(x)=2,.

Xx—a

In other words, we can say that LHL = lim f(x)zf1 is the expected value of f at x = a when we have

X—a

the values of f near x to the left of a. This value is called the left-hand limit of f(x) at a.

Right-hand limit:- A real number /, is a right-hand limit of function f(x) at x = a if the values of f(x)

can be made as close as /, at point close to a and on the right of a. Symbolically, it is written as
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RHL= lim f(x) =/, In other words, we can say that, RHL = lim f(x) =/, is the expected value of f at

x—a’ x—a"
x = a, when we have the values of f near x to the right of a. This value is called the right-hand limit of
f(x) at a.
Existence of Limit:-

If the right-hand limit and left-hand limit coincide (i.e same), then we say that limit exists and their

common value is called the limit of f(x) at x = a and denoted it by Iimf(x).

Method to solve the left hand and right-hand limits of a function:-
With the help of the following steps, we can find the left hand and right-hand limits of a function
easily.

Step — | For left-hand limit, write the given function as lim f(x) and for right-hand limit, write the

X—a

given function as lim f(x).

x—a’

Step — Il For left-hand limit, put x=a—h and change the limit x—>a by h—0. Then, limit obtained

from step | is Lm?) f(a—h). Similarly, for the right hand limit, put x=a+h and change the limit x —»>a"
by h—0. Then, limit obtained from step | is Llrrg f(a+h) \
Step — Il Now, simplify the result obtained in step — Il i.e Llng f(a—h)or Ihmg f(a+h).

Example:- 1

[x—3|
Suppose the function is defined by f(x)= [

ifx#3
X
0, ifx=3
(i) Find the left hand limit of f(x) at x = 3
(ii) Find the right hand limit of f(x) at x =3

Solution:-

-3
(i) Given, f(x)= 3 ifx#3
OI ifx=3

‘. Left-hand limitat x =3 is

_ _ |x—3|
lim f(x)=1lim —— e, (2)
x—3" x—3" X—3

On putting x=3—h and changing the limit x—>3 by h—0 in Eq. (i) we get
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. . X .
lim f(x)=lim — =lim—
x—3~ x>3~ X—3 ho0_h

: Clim
= XILT_ f(x)—Ll_rE (—h)_ 1

(ii) Right-hand limit at x = 3 is

lim f(x)= |imH ................................. (ii)
x—3" x—3t X—3

On putting x=3+h and changing the limit x — 3" by h—0 in equation (ii) we get

x=3 _ . |l
lim f x): lim =lim-
x—3" x=3* X—3 h-0h
= lim f(x)=lim |h| =lim-=1
x—3"

Example:-2

2x+3, ifx<2

Evaluate the left hand and right-hand limits of the following functions at x = 2, f(x) :{ N5 ifx>2

. Does lim f(x) exist?
X—2
Solution:-

Given f(x)

2x+3, ifx<2
Xx+5, ifx>2

LHL = lim f(x)=lim 2x+3

x—2" x—2"

=lim[2(2-h)+3]=2(2-0)+3

h—0

[Putting x=2—h and when x —> 2", then h—>0]
=4+3=7

RHL = lim f(x)

x—2"

= lim (x+5)

x—2"

=lim(2+h+5)=2+0+5=7

h—0
Putting x=2 + handx — 2", then h—0

LHL of f(atx=2)=RHL of f(atx=2)

limf(x) exists and it is equal to 7.

x—2
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Derivative and the first principle of Derivative:-
Derivative at a point
Suppose f is a real-valued function and is a point in its domain. Then, the derivative of f at a is

f(a+h)—f(a)

defined by LII’T(’: provided this limit exists

The derivative of f(x) at a is denoted by f'(a)
Example:- 1
Find the derivative of f(x)=4x+5 atx = 3.

Solution:-

Given f(x)=4x+5. We know that atx=a, f'(a)=lim

h—0

f(a+h)—f(a)
h

e f(3+h)-f(3)
..f(3)—I|mT

h—0

4(3+h)+5-(4x3+5)

=lim
h—0 h
. 12+4h+5-17 . 4h
=lim =lim—=4
h—0 h h—0 h

Geometrical meaning of derivative. Consider a graph of a function y=f(x):

¥

[
Sla+sxy S y=fix)
From Fig.1 we see, that for any two points A and B of the |
function graph: o i F(m+ax)- f(x
|
| |
| |
f(X°+AX)_f(X°)=tana | |
AX | |
| &z |
where a- a slope angle of the secant AB. o %o o+ Ax X
So, the difference quotient is equal to a secant slope. If to Fig. 1

fixpoint A and to move point B towards A, then AXx will

unboundedly decrease and approach 0, and the secant AB will approach the tangent AC. Hence, a
limit of the difference quotient is equal to a slope of a tangent at point A. Hence it follows: a
derivative of a function at a point is a slope of a tangent of this function graph at this point.
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First Principle of Derivative:-

. . . . _f(x+h)—f(x) -
Suppose f is a real-valued function, the function defined by ng — wherever the limit

exists, is defined to be the derivative of f at x and is denoted by f'(x). This definition of derivative is

called the first principle of the derivative.

Thus, f'(x):limw

h—0

Sometimes f'(x) is denoted by di[f(x)] orif y=f(x) then it is denoted by j_y and referred to as
X X

derivative of f(x)ory w.r.t x. It is also denoted by D[f(x)].

Note:-

A derivative of at x = a is also given by substituting x = a in f'(x) and it is denoted by
()
or| — | .
dx|, \dx/_,

Find the derivative of f(x)= 1 the first principle.
X

Example:-2

Solution:-

We have f(x) 11
X

f h)—f
By using the first principle, f'(x) :Iimw

h—0

1 1

. £ T X+h X
..f(x)—!‘lirg—h

gt 2
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Example:- 3
Find the derivative of e*, using the first principle.

Solution:-

Let f(x) =e". By using the first principle of derivative, we have

Pl =lim I
X h_1 h—l
Iime (e )—exlim(e )=e"><1=ex
h—0 h h—0 h
Example:-4

Find the derivative of the function logx, by using the first principle.
Solution:-

Let f(x)=logx

By using the first principle of derivative, we have

() =lim =) log(xrh)—logx

h—0 h h—0

Iog(mj Iog(1+hj
X X

=lim X =

=lim

h—0 h h—0 h X
X
zlxlz1
X X
Example:-5

Find the derivative of the following function by using the first principle.
(i) sin x (i) sec x (iii) tax

Solution:-

(i) Let f(x)=sinx

By using the first principle of derivative, we have

f(x+h)—f(x) sin(x+h)—sinx

Fl=fm o =l
(x+h+xj .(x+h—xj
2cos .sin
. 2 2
=lim
h—0 h
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{ sinC—sinD:ZCOS(CJr

( hj _h
2cos| x+— |.sin—
. 2 2
=lim

h—0 h

. h
h sin—
= Iimcos(x +—j.|im—2

h—0 h

%2

——0
2

N

) h
=limcos| x+— |x1
h—0 2
=cos(x+0)=cosx
d, .
—(sinx) = cosx
dx
(ii) Let f(x)=secx
By using the first principle of derivative, we have

£(x) :“mf(x+h)—f(x)

h—0 h

sec(x+h)—secx
h

1.1
cos(x+h) cosx

- f'(x)=lim
h—0

=lim

i cosx —cos(x+h)
_h—>0hxcosx.cos(x +h)

.(x+x+h) .(x—x—hj
—2sin .sin
. 2 2
=lim
h—0 h.cosx.cos(x+h)
D). (C-D
sinf ——
j ( 2 ﬂ
—Zsin(x+h).(—sinhj

. 2 2
=lim

h>0|  h.cosxcos(x+h)

C+
{ cosC—cosD= —Zsin(
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. h h
Sinf X+ — Sin*
. 2 . 2
=lim dim
h>0cos(x+h).cosx o h
2
sinx
= 3 )(1
Ccos” X
sinx 1
= . =tanx.secx
COSX COSX

(iii) Let f(x)=tanx

Then, by the first principle of derivative, we get

£(x) i f(x +hr)]—f(x)
tan(x+h)—tanx

=lim
h—0

. 1] sin
=lim=
h—0h| cos

—

x+h) B sinx}

x+h) cosx

—

=lim=
h—0 b cos(x +h)cosx

1: sin(x +h—x) }

1 _sin(x+h)cosx—sinxcos(x+h)}

=lim-
h—0 _cos(x+h)cosx

[ sinAcosB—cosAsinB :sin(A—B)]

. sinh . 1
=lim dim
h>0 R h-0cos(x +h)cosx

1
=1.
cos(x+0)cosx
1
=———=sec’x
cos’ x

Hence, f'(x)or di(tanx) =sec’x
X
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Algebra of Derivative of Functions:-
Let f and g be two functions such that their derivatives are defined in a common domain. Then,

(a) The derivative of the sum of two functions is the sum of the derivatives of the functions.

ddx ]——f +ig( )

(b) The derivative of the difference between two functions is the difference of the derivatives of the

functions.

» (x)]==-f(x) - e(x)

dx dx

(c) The derivative of the product of two functions is given by the following product rule.

d d
S LF0)8(x)]=F(x) g (x)+8(x)f(x).
This is also known as the Leibnitz product rule of the derivative.

(d) The derivative of the quotient of two functions is given by the following quotient rule.

d

i{f@)}_g(x)dxf(x)—f( )< g(x)
dx - [g(x)]z

d d
Note:- &[c.f(x)] = c&f(x)

,8(x)#0

Theorem:- Derivative of f(x)=x"isnx"" for any real number n.

Example:- 1

Differentiate 2x> —4x* +6x+8 w.r.t x
Solution:-

Let y=2x> —4x* +6x+8

On differentiating both sides w.r.t x we get

d—y:i(2x3 —4x’ +6x+8)
dx dx

= 2%(x3)—4dix(x2)+si(x)+i(8)

=2(3x*)-4(2x)+6(1)+0

=6x’ —8x+6

Example:-2
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d
If u=7t* —2t> —8t—5, then find d—:at t=2.

Solution:-
We have u=7t* —2t> - 8t-5
On differentiating both sides w.r.t x we get

3—::%[7t4—2t3—8t—5]

=7(4t’)-2(3t")-8(1)-0
=28t> -6t" -8
Now, (d“j ~28(2)’-6(2)" -8
dt ).,
=224-24-8=192
Example:-3
Differentiate the following functions w.r.t x (ax+b)(cx + d)2
Solution:-
Let y =(ax+b)(cx +d)2
On differentiating both sides w.r.t x we get

dy . i 2 zi 4 . Y
» —(ax+b)dx (cx+d) +(cs+d) % (ax+b) (using product rule of derivatives)

= (ax+b)di(c2x2 +d? +2cxd)+(cx+d)2 (ax1+0)
X

ax+b 2x +0+2c><1><d) (cx+d)2><a

=(ax-+b)((

=(ax+b ( cx+2cd)+a cx+d)
=(ax+b 2c(cx+d)+a(cx+d)2
=(

=(

cx+d (2acx +2bc+acx + ad)

)(c
)
)
cx+d)[ 2c(ax+b)+a(cx+d) ]
)
)

=(cx+d)(3ax +2bc+ad)

Example:-4

. . X +3
Differentiate ——— w.r.t. x
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Solution:-

Lot y_x2+3x—9
x> —9x+3

On differentiating both side w.r.t x, we get

dy  d[x+3x-9
dx dx| x*—=9+3

{(x2 —9x+3)Li((x2 +3x—9)}—(x2 +3x—9):(x2 —9x +3)}

X

(x2 —9x + 3)2

(¥ ~9x+3)(2x+3-0)(x* +3x~9)x(2x-9+0) |

(x2 —9x+ 3)2

(x* —9x+3)(2x+3)~2x(x* +3x~9) +9(x* + 3x-9) |

(x2 —9x+ 3)2

[Zx(xz ~9x+3-x* ~3x+9) +(3x* ~27x+9+9%’ +27x—81)]

(x2 —9x+ 3)2

2x(-12x+12)+(12x* - 72)

(x2 —9x+ 3)2

x> +24x+12x> =72
(x —9x + 3)

_ 12 +24x-72 _ ~12(x* —2x+6)
(x2 —9x + 3)2 (x2 —9x + 3)2

The derivative of Trigonometric Functions:-

To find the derivative of trigonometric functions, we use the algebra of derivative and the following

formulae.

(a) i(sinx)=cosx (b) i(cosx):—sinx (c) i(tanx)=sec2x
dx dx dx

(d) i(5‘3CX):39‘3’(-’[&”‘>‘ (e) i(cotx)=—cosec2x (f) i(cosecx):—cosecx.cotx
dx dx dx

Example:- 1

Find the derivative of following functions.
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(a) x*cosx (b) x*secx (c) xtanx
Solution:-
(a) Let y =x° cosx

On differentiating both sides w.r.t x we get

j—i :dix(x2 cosx) =x’ dix(cosx)+cosxdix(x2)

=x° (—sinx) +cosx(2x)
=2XCOSX — X’ sinx
(b) Let y =x’secx

On differentiating both sides w.r.t x, we get

CI—y=i(x3secx)
dx dx

dy _ 2 d d(e
:>dx—x CIX(secx)+secxdx(x )

=x>.secxtanx +secx(3x2)

=x’.secxtanx +3x’ secx
(c) Let y=xtanx
On differentiating both sides w.r.t x, we get

dy _i
O (xtanx)

dy _ d d
» _de (tanx)+tanxdx (x)

=xsec’ x+tanx(1)

=xsec’ X+ tanx

Example:-2

1-t -2
If y= anx , then show that d—y:—_.
1+tanx dx 1+sin2x

Solution:-

1—tanx

We have, y=
1+tanx

On differentiating both sides w.r.t x we get
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d d
q (1+tanx).&(1—tanx)—(1—tanx).&(1+tanx)

dx (1+tanx)2

(1+tanx)(—sec2 x)—(l—tanx)(seczx)
(1+tanx)2

—2sec’x -2

(1+tanx)2 (cos2 x)(1+tan2 x+2tanx)

-2 -2

(coszx) 14 sin*x +25inx (1+sin2x)
cos’X  COSX

DERIVATIVE OF COMPOSITION FUNCTIONS (CHAIN RULE)

To study the derivative of composition functions, we start with an illustrative example, say we
want to find the derivative of f where f(x)=(2x+1)’.

W 9F0) d(2x+1)° _ d(8x3 +12x? +6x+1)

= 24x* + 24x+6 = 6(2x +1)°
dx dx dx

We observe that, if we take g(x) = 2x+1 and h(x) = x°

A f/(x) d d hOg(X) % d g(X)

Then f(x) =hog(x) = (2x +1)’ = —~ T dg(x) dx

d@x+n3xdex+n

f/(x) =3x(2x+1)* x2 =6(2x +1)°
22D = (X) = 3x (2x +1)° x (2x+1)

The advantage of such observation is that it simplifies the calculation in finding the derivative.
CHAIN RULE

Let f be the real-valued function which is a composition of two functionsu &v. i.e. f =uov.
Where u &V are differentiable functions and uov is also a differentiable function?

df duov duov dv . T .
— = = x — , Provided all the derivatives in the statement exists.
dx dx dv dx

PROBLEMS

Example:-1
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Find ? of y =sin(x? +1)
X

H 2
Solution:- Given y= sin(x2 +1) = ﬂ = M

dx dx
., )
:ﬂzd(sm(x +l))xd(x +1) :ﬂ:cos(x2+1)x2x
dx d(x?+1) dx dx
Example:2

Find dy of y =log(tanx)
dx

Solution:- Given y = log(tanx) = dy _ d(log(tanx))

dx dx
:ﬂ: d(Iog(tanx))thanx :ﬂ: 1 5o x
dx d tan x dx dx tanx

Example:-3

L2
Find 3. of y =e5nx )
dx

in(x 2
sin(x 2) A dy _ d(esm(x ))

Solution:- Given y =e
dx dx

dy _ de™ 2N LdsinG) dox?)  dy | _sinx?)

— 2 =g xcos(xz)xzx
dx  dsin(x®) d(x?) dx dx

Example:-4
Find %of y = +x+1)"
X

2 4
Solution:- Given y = (x? + x +1)' = dy _d(x*+x+1)*

dx dx
2 4 2
ﬂ:d(x 2+X+1) Xd(x *x+1) :ﬂ:4(x2+x+1)3x(2x+1)
dx d(x®+x+1) dx dx
Example:-5
Find ﬂof y= !
dx a.2_)(2
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202 7%
1 dy_d@-x)

Solution:-Given y =
a?-x? dx dx

&y 0@ )% d@ ) |0y dpe g X
dx d(a*-x?%) dx dx 2 (a2 ~ x2)5

Example:-6

Find dy of y=sin®x
dx

- 3 - 3 -
Solution:-Given y =sin®x = ﬂ = M = ﬂ = d(SI_n X)x dsinx =3sin® Xxx cOSX
dx dx dx dsinx dx

Example:-7

Find % of y =log(secx + tan x)

Solution:-Given that y =log(secx + tan x) = % = d (Iog(sezx + 0%
X X

dy _ d(log(secx + tan x)) 5 d(secx + tan x)
dx d(secx + tan x) dx

Lo

== x(secx tan x +sec’ x)=sec x
dx secx+tanx

Example:-8
Find dy of y = Xsin X
dx
. Xsin X
Solution:-Given that y =" * = ﬂ = ﬂe—)
dx dx
dy _ d(exsm X)x dixsinx) _, dy _ oxsinx {xcosx +sinx}
dx d(xsinx) dx dx
Example:-9
Find ﬂof y= sin(ax + b)
dx cos(cx +d)
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d{sin(ax+b)}
sin(ax+b) jﬂ— cos(cx +d)

Solution:-Given that y =

cosicx+d)  dx dx
cos(ox + d) 4EINE@X D)) d@x+b) o d(cosexrd)) d(ox+d)
oy _ d(ax+b) dx d(cx+d) dx
dx cos’(cx +d)

N dy _ cos(cx +d) xcos(ax+b) xa+sin(ax+b)xsin(cx +d) xc
dx cos’ (cx +d)

Example:-10

Find % of y=cos(x®).sin(x®)

3 o 3
Solution:-Given y = cos(x’).sin(x*) = % = d(COS);)'(SIn X )

Ly d(cosx®.sin x3) LAY ey d(sin3x3)>< dx® Csiny® d(cosx3)>< dx®

dx dx dx dx dx dx® dx

= % = (cosx® Jcosx® Bx? — (sin x* Jsin x* x> = % = (cosx® J*3x? — (sinx® ) 3x?
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